Suppose that G is a group of bijections of a set X . Two subsets of X are called countably G-equidecomposable if they can be partitioned into countably many respectively G-congruent pieces.
Introduction and preliminaries
Suppose that we partition a Lebesgue measurable subset A of Rn into at most countably many pieces and rearrange them by rigid motions to form a partition of another measurable set B . The question is: Are the measures of A and B necessarily equal?
It is perhaps one of the most surprising results of theoretical mathematics that the answer can be "no" even if the number of the pieces is finite, i.e. when the sets A and B are finitely equidecomposable. The famous theorem of Hausdorff, Banach, and Tarski states that in three-dimensional space R3, every two bounded sets with nonempty interior are finitely equidecomposable! (See [BT] or [W, p. 29] .)
On the other hand, Banach [B] proved that in the lower dimensions, i.e. in E and R , finitely equidecomposable measurable sets must have equal measure. It turns out that this is due to algebraic properties of the groups of isometries of the respective spaces. 0.1. Definition. Given a group G of isometries of Rn , let us say that sets A and B in K" are finitely (countably) G-equidecomposable if one can form a partition of B from a finite (at most countable) partition of A using motions restricted to G.
It is a consequence of results of Tits, Wagon, and Mycielski that if G does not contain a free subgroup of rank 2, then any two Lebesgue measurable, finitely G-equidecomposable subsets of R" have equal measures (see [W, p. 182] ).
The basic aim of this paper is to present an analogous result for the case of countable G-equidecomposability, i.e. to find out which conditions on G imply that any two measurable, countably G-equidecomposable sets have equal measures.
Banach and Tarski [BT] proved that in every space Rn any two sets with nonempty interior are countably Gn -equidecomposable, where Gn is the group of all isometries of R" . This suggests that entirely different properties of the group G should play the role in this situation. It turns out that this is really the case: the relevant properties of G are of topological rather than algebraic character. The group Gn equipped with the topology of pointwise convergence has the canonical structure of a topological group. So we talk about topological properties of G as being a subset of the topological group Gn . In particular, G is discrete if all the points of G are isolated.
Our main result states that the condition, which guarantees that any two measurable countably G-equidecomposable sets have equal measures, is precisely the discreteness of the group G.
We place this theorem in a broader context of the properties of the abstract notion of countable equidecomposability. 0.2. Definition. Given a group G of bijections of an arbitrary set X, we say that subsets A an J B of X are countably G-equidecomposable if they can be partitioned into at most countably many respectively G-congruent pieces. Then we write A « B, or simply A « B when it does not lead to misunderstanding.
In § 1 we present a simple combinatorial characterization of this relation proving that A&^B iff the intersections of each G-orbit with both A and B have the same cardinality. We believe that the approach developed there can be successfully applied to many problems concerning countable equidecomposability. One evidence for it is the proof of the main result of this paper presented in §2.
An interesting feature of this proof is that it does not follow a natural way indicated by its counterpart concerning finite equidecomposability. The argument there is that if G does not contain a free subgroup of rank 2, then there exists a G-invariant, finitely additive extension of the Lebesgue measure, defined on all subsets of Rn (see [W] ). This would suggest finding for a discrete group G a G-invariant, countably additive extension of the Lebesgue measure, defined at least on all elements of countable partitions witnessing countable G-equidecomposability of the sets under consideration. The question of correctness of such a procedure is discussed in §3. The answer turns out to be independent from Zermelo-Fraenkel set theory with the Axiom of Choice (ZFC).
Our terminology and notation concerning set theory, equidecomposability, and measure is standard and essentially agree with Wagon [W] . In particular Sf and X denote the u-algebra of all Lebesgue measurable sets and the Lebesgue measure in the considered space, respectively. If not specified otherwise, measures are always assumed to be countably additive.
If G is a group of bijections of a set X, then the set Gx = {gx : g e G} is
called the G-orbit of x .
The set of natural numbers is denoted by co.
A COMBINATORIAL CHARACTERIZATION OF COUNTABLE EQUIDECOMPOSABILITY
In this section we assume that G is a group of bijections of an arbitrary set X.
Recall that the definition of countable G-equidecomposability of sets A, B ç X postulates the existence of at most countable partitions of A and B whose elements behave in a special way under G's action. The aim of this section is to give a partition-free characterization of countable G-equidecomposability in terms of the behavior of elements of A and B under G's action.
The following lemma contains the key observation.
1.1. Lemma. Assume that \G\ < n0. Suppose that A ç X, and let S be a selector of the family 9~ of all G-orbits having nonempty intersection with A. Then A contains a selector S' of &~ such that S and S' are countably G-equidecomposable with pieces in the smallest a-algebra containing all G-translates of S and A .
Proof. Fix an enumeration (gn: n e co) of G. Define by induction a partition of S as follows:
Pn=(A\Jp)r]g;lA, forneoe.
Set S' = UnecognPn-This works. D 1.2. Corollary. //"|G|<N0 then any two selectors of the same family of G-orbits are countably G-equidecomposable.
We can now formulate our characterization for the case of an at most countable G.
1.3. Proposition. Assume that \G\ < K0 and let A, B ç X. The following are equivalent:
(i) A^B.
(ii) For every x e X, A n Gx «^ B n Gx. (iii) For every x e X, \A n Gjc| = \B n Gx\.
Proof. Implications (i) -> (ii) and (ii) -> (iii) are trivial.
(iii) -> (i). For every 0 < k < co define Xk = {x £ X : \A n Gx\ = k} ; it is enough to show that A n Xk « B n Xk . So fix k, assume that Xk ^ 0 and let ^k be the family of all G-orbits that intersect A (and hence also B) in exactly k points. Let {St: i < k} and {S'¡: i < k} be partitions of AC\Xk and B n Xk , respectively, into selectors of the family ^ . By 1.2, S¡ «^ 5(' for every i < k. So AnXk «^ B n Xk as required. G
The characterization in the general case now follows immediately.
1.4. Theorem. Suppose that G is a group of bijections of a set X, and let A and B be subsets of X.
The following are equivalent:
(ii) There exists an at most countable subgroup H of G such that for every xeX, \AC\Hx\ = \Bf\Hx\.
When do equidecomposable sets have equal measure?
In this section G is a group of isometries of E . We denote by Fix(G) the set of all points of Rn that are fixed by at least one nonidentical isometry from G. Notice that if \G\ < N0, then A(Fix(G)) -0, since Fix(G) = UÍÍ* & R"'-gx = x}: g e G, g ^ idE"} is the union of at most countably many affine subspaces of dimensions less than n .
Recall that -S57 denotes the cr-algebra of all Lebesgue measurable subsets of Notice that if A, B e 5? and A «^ B in S?, then X(A) = X(B). We need the following auxiliary fact, which is a special case of the Banach-Schröder-Bernstein Theorem (see [W, p. 25] Recall that G is discrete if it is a discrete subset of the topological group of all isometries of Rn . It is not hard to see that G is discrete iff all G-orbits are discrete subsets of R" . The key property of discrete groups that we use in the sequel is the following folklore-like result (see [KZ, the proof of 2.10]).
2.3. Proposition. If G is discrete, then there exists a Borel selector of the family of all G-orbits.
We are now ready to formulate the main result of the paper. «"i^FixiG) in .S*.
So, without loss of generality let us assume that A n Fix(G) = B n Fix(G) = 0. By 1.3, \A n Gx\ = \BC\ Gx\ for every x £ M." . From now on we follow closely the proof of implication (iii) -* (i) of 1.3 taking care that the pieces of the constructed decompositions are measurable. If not specified otherwise, our notation agrees with that proof.
Notice that for each k < co, Xk e 2?. Indeed, for k < co set Zk = {x e X-.3FCG (\F\ = k and V/ e F x£ f~lA)}. Then we have: Xk = Zk\Zk+x if k<co and Xm = C\k<0Zk.
Thus it is enough to show that for each 0 < k < co : AC\Xk*a BnX, in -2"'.
So fix k and assume that Xk ^ 0. By 2.3, there exists a measurable selector S of the family of all G-orbits. Notice that S( * = S n Xk is a measurable selector of ^.
Consider two cases: Case 1. k < co. Successively applying 1.1 k times, find partitions {S¡ : i < k} and {5;': i < k} of A n Xk and B nXk, respectively, into k selectors of f?k , each of them being countably G-equidecomposable with S in ¿¿? . This shows that ^nl« 5 n X. in J? .
Case 2. k = co. It is enough to show that if Y is a measurable subset of Xw such that \Gx nY\ = co for every x £XW, then 7 «^ Xw in 5f. By 2.2, it suffices to prove that there exists a set Yx ç Y such that Xm «^ y, in .2".
In order to do that, fix a 1-1 enumeration (gn: n £ co) of G and set Sn = gnS^' for every n £ co. Then, since AnFix(G) = 0, the family {5^: n £ co} is a partition of Xw into countably many measurable selectors of 3^ . Now define inductively selectors S'n of ¿^ contained in y as follows:
Having chosen {S^: /c < «}, choose 5^ by applying 1.1 to Y\ Ut<" S'k and Sn > respectively.
Set F, = IJ c 5"' . It follows from the construction that for each n £ co, Sn «^ S^ in J? and the sets 5^ are pairwise disjoint. So Xw «^ 7, in Jz?, as required.
To prove (ii), fix an arbitrary e > 0 and let H be a countable dense subgroup of G. We now use a trick from the proof of Lemma 2.9 of [KZ] . We claim that A «^ EM . To prove this, it suffices to show that (*) A\Fk(H)kO0R"\Fíx(H).
Since H is nondiscrete, ^ n Hx ¿ 0 for every jc e E"\Fix(i/) (cf. [KZ] (ii) For every discrete group G of isometries of Rn, the Lebesgue measure on Rn can be extended in the G-invariant way to any countable collection of sets.
(iii) For every infinite discrete group G of isometries of Rn, the Lebesgue measure on R" can be extended in the G-invariant way to any countable partition ofR".
Proof, (i) T* (ii). We prove this by a slight modification of an argument used in the proof of Theorem 2.10 of [KZ] . Fix a measurable selector S of the family of all G-orbits. Let {An : n £ co} be a countable collection of subsets of R" . It is easy to check that m isa G-invariant extension of X and measures all the A^s.
(ii) -► (iii). This is obvious.
(iii) -> (i). Suppose, towards a contradiction, that Ext is false. Fix a Borel selector of the family of all G-orbits disjoint from Fix(G). By the negation of Ext and the well-known fact that the restriction of X to Borel subsets of a Borel set of positive measure is Borel-isomorphic to X, there exists a family {An : n £ co} of subsets of 5 such that X cannot be extended to a measure defined on all the An's. Let (gn : n £ co) be a 1-1 enumeration of G.
Define Pn = gnAn for every n £ co. Clearly, if & is any countable partition of E" containing all the Pn's, then X cannot be extended in the G-invariant way to 9° . This contradiction completes the proof. G Banach and Kuratowski [BK] proved that the Continuum Hypothesis implies the negation of Ext.
On the other hand, Carlson [C] proved that Ext is true in a model obtained by adding k > cox many random reals to a model of GCH.
So, Ext is independent from ZFC and by 3.1, the same is true for the problem discussed in this section.
